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REMARKS ON THE INVARIANTS VALUED IN THE
GENERALIZATION OF CONWAY ALGEBRA
SEONGJEONG KIM
Abstract. In [2] the author generalized the Conway algebra and constructed
the invariant valued in the generalized Conway algebra defined by applying two
skein relations to crossings, which is called a generalized Conway type invari-
ant. The generalized Conway type invariant is a generalization of Homflypt
polynomial.
In this paper we show that an example of links, which have the same value
of Homflypt polynomial, but have different values of the generalized Conway
type invariant. We study a properties of Conway type invariant related to
Vassiliev invariant. In section 3 we discuss about further researches.
1. Introduction
In [3] J.H.Przytycki and P.Traczyk introduced an algebraic structure, called a
Conway algebra, and constructed an invariant of oriented links, which is a gen-
eralization of the Homflypt polynomial invariant. In 2017 L. H. Kauffman and S.
Lambropoulou [1] constructed new 4-variable polynomial invariants, which are gen-
eralized from the Homflypt polynomial, the Dubrovnik polynomial and the Kauff-
man polynomial. In [2] the author generalized the Conway algebra and constructed
the invariant valued in the generalized Conway algebra, which is constructed by
applying two skein relations to crossings.
In this paper we show that an example of links, which have the same value of
Homflypt polynomial, but have different values of the generalized Conway type
invariant. We study a properties of Conway type invariant related to Vassiliev
invariant. In section 3 we discuss about further researches.
2. Some remarks on the Conway type invariant
We introduce a generalization of the Conway algebra and invariant valued in the
generalized Conway algebra.
Definition 2.1. [2] Let Â be a set with four binary operations ◦, ∗, / and // on
Â. Let {an}∞n=1 ⊂ Â. The hexuple (Â, ◦, /, ∗, //, {an}∞n=1) is called a generalized
Conway algebra if it satisfies the following conditions:
(A): (a ◦ b)/b = (a/b) ◦ b = a = (a ∗ b)//b = (a//b) ∗ b for a, b ∈ Â,
(B): an = an ◦ an+1 for n = 1, 2, · · · ,
(C): (a ◦ b) ◦ (c ◦ d) = (a ◦ c) ◦ (b ◦ d) for a, b, c, d ∈ Â,
(D): (a ∗ b) ∗ (c ∗ d) = (a ∗ c) ∗ (b ∗ d) for a, b, c, d ∈ Â,
(E): (a ◦ b) ◦ (c ∗ d) = (a ◦ c) ◦ (b ∗ d) for a, b, c, d ∈ Â,
(F): (a ∗ b) ∗ (c ◦ d) = (a ∗ c) ∗ (b ◦ d) for a, b, c, d ∈ Â,
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(G): (a ◦ b) ∗ (c ◦ d) = (a ∗ c) ◦ (b ∗ d) for a, b, c, d ∈ Â.
Remark 2.2. Let (Â, ◦, /, ∗, //, {an}∞n=1) be a generalized Conway algebra. If two
operations ◦ and ∗ are same, then the generalized Conway algebra is a Conway
algebra, and hence the Conway type invariant can be defined on (Â, ◦, /, {an}∞n=1).
Theorem 2.3. [2] Let L be the set of equivalence classes of oriented link diagrams
modulo Reidemeister moves. Let (Â, ◦, /, ∗, //, {an}∞n=1) be a generalized Conway
algebra. Then there uniquely exists the invariant of classical oriented links Ŵ :
L → Â satisfying the following rules:
(1) For self crossings c the following relation holds:
(2.1) Ŵ (Lc+) = Ŵ (L
c
−) ◦ Ŵ (Lc0).
(2) For mixed crossings c the following relation holds:
(2.2) Ŵ (Lc+) = Ŵ (L
c
−) ∗ Ŵ (Lc0).
(3) Let Tn be a trivial link of n components. Then
(2.3) Ŵ (Tn) = an.
We call Ŵ a generalized Conway type invariant valued in (Â, ◦, /, ∗, //, {an}∞n=1).
Construction of Ŵ . First we will define Ŵ for ordered oriented link diagrams.
Let L = L1 ∪ · · · ∪ Lr be an ordered oriented link diagram of r components. Fix
a base point bi on each component Li. Suppose that we walk along the diagram
L1 according to the orientation from the base point b1 to itself, then we walk along
the diagram L2 from the base point b2 to itself and so on. If we pass a crossing
c first along the undercrossing(or overcrossing), we call c a bad crossing(or a good
crossing) with respect to the base points b = {b1, · · · , br}. Now we perform the
crossing change or splicing for all bad crossings. Denote the value of Ŵ for L
corresponding to the base points b by Ŵb(L). Suppose that we meet the first bad
crossing c. If it is a self crossing, we apply the skein relation on c with the following
property:
Ŵb(L
c
+) = Ŵb(L
c
−) ◦ Ŵb˜(Lc0),
where b˜ = {b1, · · · , bj−1, bj , b′j , bj+1, · · · , bn, bn+1} and b′j is a chosen base point near
the place of the crossing c on the component, which is appeared by splicing the self
crossing c of Lj , see Fig. 1.
If it is a mixed crossing between two components Li and Lj , we apply the skein
relation on c with the following property:
Ŵb(L
c
+) = Ŵb(L
c
−) ∗ Ŵb˜(Lc0),
where b˜ = {b1, · · · , bj−1, bj+1, · · · , bn}. As an abuse of notation we write b˜ = b, if
it does not cause confusion. Notice that if c is a positive crossing, then the number
of bad crossings of Lc− is less than the number of bad crossings of L
c
+ and the
number of crossings of Lc0 is less than the number of crossings of L
c
+. We apply
those relations to the first bad crossings of Lc− and L
c
0 inductively until we switch
all bad crossings. If c is a negative crossing, then we apply those relations to the
first bad crossings of Lc+ and L
c
0 inductively until we switch all bad crossings. If
L = L1 ∪ · · · ∪ Lr has no bad crossings, then we define Ŵb(L) = an.
3j j
b’
j
Figure 1. The choice of a base point b′j
Example 2.4. Let Â = Z[p±1, q±1, r]. Define the binary operations ◦, ∗, / and //
by
a ◦ b = pa + qb, a/b = p−1a− p−1qb,
a ∗ b = pa + rb, a//b = p−1a− p−1rb.
Denote an = (
1−p
q )
n−1 for each n. Then (Â, ◦, /, ∗, //, {an}∞n=1) is a generalized
Conway algebra.
Example 2.5. Let Â = Z[v±1, z, w±1] be an algebra. Define binary operations
◦, /, ∗ and // by
a ◦ b = v2a + vwb, a/b = v−2a− v−1wb,
a ∗ b = v2a + vzb, a//b = v−2a− v−1zb.
Put an = (
v−1−v
w )
n−1. Then (Â, ◦, /, ∗, //, {an}∞n=1) is a generalized Conway alge-
bra. In fact, this is obtained from the generalized Conway algebra in example 2.4
by substituting p = v2, q = vw and r = vz. Moreover if w = z, then the Conway
type invariant valued in the generalized Conway algebra (Â, ◦, /, ∗, //, {an}∞n=1) is
the Homflypt polynomial.
Example 2.6. Let (Â, ◦, /, ∗, //, {an}∞n=1) be the generalized Conway algebra in
the previous example. It is well known that two links L1 = L11n418{0, 0} and
L2 = L11n358{0, 1} have the same value of Homflypt polynomial. The values
of Conway type invariant valued in (Â, ◦, /, ∗, //, {an}∞n=1) from L1 and L2 are
calculated as follow.
Ŵ (L1) =
1
p3q2
− 2
p2q2
+
1
pq2
+
r
q
+
r
p4q
− 6r
p3q
+
7r
p2q
− 3r
pq
− 4r
2
p4
+
9r2
p3
−4r
2
p2
+
r2
p
+
qr2
p3
− qr
3
p5
+
5qr3
p4
− 2qr
3
p3
+
q2r4
p5
Ŵ (L2) =
1
p3q2
− 2
p2q2
+
1
pq2
− r
p5q
+
4r
p4q
− 8r
p3q
+
5r
p2q
+
3r2
p5
− 8r
2
p4
+
8r2
p3
− r
2
p2
− 3qr
3
p5
+
4qr3
p4
− qr
3
p3
+
q2r4
p5
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L11n418{0,0}
L11n358{0,1}
Figure 2. Diagrams L1 = L11n418{0, 0} and L2 = L11n358{0, 1}
That is, Ŵ (L1) 6= Ŵ (L2) and the generalized Conway type invariant is stronger
than Homflypt polynomial.
Example 2.7. Let us fix a natural number k. Let Â be the smallest commutative
ring with identity containing Z[p±1, q±1, r±1] such that k
√
f ∈ Â for each f ∈ Â,
where k
√
f is the formal k-th root, that is, ( k
√
f)k = k
√
fk = f . Define binary
operations ◦, /, ∗ and // by
a ◦ b = k
√
pak + qbk, a/b = k
√
p−1ak − p−1qbk
a ∗ b = k
√
pak + rbk, a//b = k
√
p−1ak − p−1rbk,
for a, b ∈ Â. Let {an} be the sequence defined by the following recurrence relation
a1 = 1, a
k
n+1 =
(1− p)
q
akn.
We can show that (Â, ◦, /, ∗, //, {an}∞n=1) is a generalized Conway algebra.
Lemma 2.8. The generalized Conway type invariant valued in the generalized Con-
way algebra in example 2.5 weaker than two variable Vassiliev invariant.
Proof. Let Â = Z[v±1, z, w±1] be an algebra with binary operations ◦, /, ∗ and //
defined by
a ◦ b = v2a + vwb, a/b = v−2a− v−1wb,
a ∗ b = v2a + vzb, a//b = v−2a− v−1zb.
and an = (
v−1−v
w )
n−1. By substituting v = exeyez, w = e−x − ex and z = e−y − ey
we obtain that
Ŵ (LC+)− Ŵ (LC−) = xf(x, y, z),
for a self crossing C and
Ŵ (LC+)− Ŵ (LC−) = yg(x, y, z)
for a mixed crossing C, therefore the generalized Conway type invariant is weaker
than two variable Vassiliev invariant. 
53. Further research
When we define the Conway type invariant, we applied two different skein re-
lations to self crossings and mixed crossings. It is well known that the division of
crossings to self/mixed crossings is a parity, which is introduced by V.O.Manturov
in [4]. We would like to generalized Conway type invariant by applying two differ-
ent skein relations to even crossings and odd crossings. On the above purpose we
define the link parity as follow.
Definition 3.1. A link parity p on diagrams of a link L with coefficients in Z2 is
a family of maps pL : V(L)→ A, L ∈ ob(L) is an object of the category, such that
for any elementary morphism f : L→ L′ the following hols:
(1) pL′(f∗(v)) = pL(v) provided that v ∈ V(L) and there exists f∗(v) ∈ V(L′),
if f is a Reidemeister moves;
(2) pL(v1)+pL(v2) = 0 if f is a decreasing second Reidemeister move and v1, v2
are the disappearing crossings;
(3) pL(v1)+pL(v2)+pL(v3) = 0 if f is a third Reidemeister move and v1, v2, v3
are the crossing participating in this move;
(4) pL(f∗(v)) = pL(v) if f is a splicing of v′ and pL(v) + pL(v′) = 1;
(5) If f is a splicing of v′, pL(v) + pL(v′) = 0 and pL(f∗(v)) + pL(v) = 1, then
pL(f
′
∗(v
′)) + pL(v′) = 1, where f ′ is a splicing of v.
It is easy to show that the division of crossings to self/mixed crossings satisfies
the above conditions. But the (link) parity, which gives non-trivial parity for knots,
is not known. Now we define the descending diagram for virtual link diagrams.
Definition 3.2. Let L = L1 ∪ · · · ∪ Ln be an ordered oriented virtual link diagram
of n components. Fix a point bi on each component Li, but it is not a crossings.
Now we walk along the component L1 from the fixed point b1 in the given direction
of L1, and then we walk along the component L2 from the fixed point b2 in the given
direction of L2 and so on. If while walking along the diagram each classical crossing
is first passed over and then under, then we call the diagram L descending diagram
with respect to {bi}ni=1 and the order of components. For an oriented virtual link
diagram L, if we can give an order of components and fix a point on each component
of L for L to be a descending diagram, then we call L is a descending diagram. It
is well known that if L is a classical descending link diagram, then it is equivalent
to the trivial link diagram.
We would like to define the virtual Conway algebra (A˜, ◦, /, ∗, //, {aT }T∈I ⊂ A˜),
which is a generalization of the generalized Conway algebra (Â, ◦, /, ∗, //, {an}n∈N)
to define invariant for oriented virtual links as follow:
Let L˜ be the set of equivalence classes of oriented virtual link diagrams modulo
generalized Reidemeister moves such that every diagram is equipped by link parity.
Let (A˜, ◦, /, ∗, //, {aT }T∈I ⊂ A˜) be a virtual Conway algebra, where I is the set of
equivalence classes of all descending virtual link diagrams. We would like to define
the invariant of oriented virtual links W˜ : L˜ → A˜ satisfying the following rules:
(1) For even crossings c the following relation holds:
(3.1) W˜ (Lc+) = W˜ (L
c
−) ◦ W˜ (Lc0).
(2) For odd crossings c the following relation holds:
(3.2) W˜ (Lc+) = W˜ (L
c
−) ∗ W˜ (Lc0).
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(3) Let LT be a virtual link, which has a descending diagram T . Then
(3.3) W˜ (LT ) = aT .
But when we define the virtual Conway algebra, we meet the following difficulty:
it is well-known that there are infinitely many nontrivial free links. It follows that
there are infinitely many nontrivial descending virtual link diagrams, because by for-
getting under/over information and the underlying surface of virtual link diagram,
we obtain free link diagram. But we don’t know how to list all such virtual link dia-
grams. Moreover, to define the virtual Conway algebra (A˜, ◦, /, ∗, //, {aT }T∈I ⊂ A˜)
we need to find relations
(3.4) aT+ = aT− ◦ aT0 , aT+ = aT− ∗ aT0
for T∗ ∈ I, where T+, T− and T0 are the Conway triple.
Questions
(1) Is there a (link) parity, which gives non-trivial parity for classical links?
(2) How to find the set {aT }T∈I and the relations 3.4 for the invariant W˜ is
well-defined.
References
[1] L.H.Kauffman,S.Lambropoulou, New invariants of links and their state sum models,
arXiv:1703.03655v2 [math.GT] 15 Mar 2017.
[2] S.Kim, On the generalization of Conway algebra, arXiv:1707.02416v3 [math.GT]
[3] J.H.Przytyski, P.Traczyk, Invariants of links of Conway type, Kobe Journal of Mathematics,
4 (1989) 115-139.
[4] V.O.Manturov, Free knots and parity, Sbornik : Mathematics, 2010, vol. 201, no. 5, p. 65-110.
Department of Fundamental Sciences, Bauman Moscow State Technical University,
Moscow, Russia, ksj19891120@gmail.com
